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ABSTRACT

When performing density estimation, a major issue often
arises due to the curse of dimensionality. For this reason, an
exploration of how a joint distribution can be factorized using
tensor decomposition procedures is explored. The results
reveal that for the regularized parametric models based on
tensor decompositions such as Tensor Train and Tensor Ring
do not constitute new state-of-the-art density estimators for
high-dimensional data, but shows desirable properties such
as generalizability.

Index Terms— Density estimation, Gaussian Mixture
Model, Tensor factorization

1. INTRODUCTION

Density estimation is a key challenge within unsupervised
machine learning where its usage spans multiple tasks such as
outlier detection, data imputation, and classification through
use of Bayes’ theorem to mention a few. A widely used
model for density estimation is the Gaussian Micture Model
(GMM).
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GMMs allow complex probability distributions to be approxi-
mated by use of simple linear superposition of Gaussian com-
ponents, see (I). By varying the form of the covariance ma-
trix, the models can vary in complexity. Hence, letting the
variables covary will lead to a full covariance matrix, whereas
a more restrictive model with independent variables leads to a
diagonal covariance matrix. However, a concern clearly arises
with GMMs as the full model scales poorly to higher dimen-
sions, while the more restrictive model lacks expressivity. In
order to address these problems, attention is drawn to the de-
velopment within the field of tensor decompositions.

Today, a wide range of studies exist on decomposing ten-
sors (multidimensional generalizations of matrices). Such de-
compositions serve to efficiently factorize tensors by a re-
duced number of parameters and thereby hinder the curse of

dimensionality. For this reason, tensor decompositions have
applications in various fields of unsupervised machine learn-
ing [1]] and multiple types of decompositions have been pro-
posed over time. Among these are the Canonical Polyadic
(CP) decomposition and recent decompositions such as Ten-
sor Train (TT) [2] and Tensor Ring (TR) [3].

An imminent thought is whether one can be inspired by
such tensor decomposition procedures for density estima-
tion to achieve highly expressive models that scales better
to higher dimensions. For this reason, this paper presents
an investigation of the merits and limitations using these
new tensor factorized density estimators. In order to assess
the performance, the developed methods are contrasted to
the neural density estimator FIJJORD [4] and conventional
density estimation based on the GMM.

2. BACKGROUND

2.1. Canonical Polyadic Decomposition

The aim of the CP-decomposition is to decompose an M-
dimensional tensor into a finite sum of rank-one tensors [3]:
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where A is an M-dimensional tensor, i1, io, ..., %27 are the in-
dices of a particular element of A, and where Uj is a collec-
tion of r vectors corresponding to the jth dimension of A,
indexed by «. The CP-decomposition is transformed into a
density by letting each collection of U-vectors be collections
of univariate distributions. These in turn, are parameterized
by univariate Gaussian distributions:
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where a normalizing factor has been placed over the product
of univariate Gaussians to ensure that it is a proper probability



distribution, thus resulting in a traditional GMM with diago-
nal covariances matrices. For the CP-decomposition the num-
ber of free parameters is given by (K — 1) + 2M K. The CP-
factorized model scales with O(K M). The number of free
parameters will serve as a point of reference for comparison
between the different models. If a full GMM is used the num-
ber of free parameters is (K — 1) + (2M + M (M —1)/2)K,
which scales with O(K M?).

2.2. Tensor-Train Decomposition

The TT-decomposition seeks to improve the expressivity
when compared to the CP-decomposition, but without suffer-
ing from the curse of dimensionality to the same extent as the
full GMM [2]. The tensor-train decomposition decomposes
an M-dimensional tensor as follows:
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where each G corresponds to a three-dimensional array, with
the exceptions of the boundary conditions imposed on the
sizes of G1 and G to ensure scalar output of the above in-
dexed form. We factorize the density as
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where we again have chosen to model each univariate density
with a Gaussian distribution. This results in a chain (or train)
of weighted Gaussian distributions. These are constructed as
nested sums over each dimension. The number of free param-
eters for the TT-density is (K — 1) + MK (K —1) +2M K?.
It thereby scales with O(K2M).

Previously, the expressivity of the TT decomposition for
modelling discrete multivariate probability distributions has
been explored in [6].

2.3. Tensor-Ring Decomposition

The TR-decomposition moves from the sequential products
of the TT-decomposition to a circular construction, in order
avoid the limitations that the TT-decomposition might exhibit
[3]. For our TT-density, these limits are the lack of dependen-
cies for the first and final dimensions of the data. We model
our density as:

p(x1, T2, ..., Tar)
Koy Kar—1

M-1
p(kO) [ H p(xma km|km—1)‘| p(IM|kM—1a kO)
m=1

M-—1
W, H Wi o s N (T e 1 Oy o)
m=1

ko,.okar—1

. N('rMLu’k’]\l—lka ) a'laM,l,ko)v

which essentially connects the first and last carriages of the
tensor train via the dependency on kg. The number of free
parameters for the TR density is (K — 1) + (M — 1) K (K —
1) + 2M K?2. It thereby also scales with O(K2M).

3. METHODS

3.1. Inference

For inference, we rely on stochastic variational inference
(SVI) using Pyro. In variational inference we generally seek
to approximate a posterior distribution with a variational
distribution. In practice this is achieved by maximizing the
evidence lower bound (ELBO), which is equivalent to min-
imizing the KL-divergence [7]. Here we however restrict
ourselves to maximum likelihood estimation, which we can
achieve by specifying an empty variational distribution in
Pyro [8]. In this case, the ELBO reduces to the log likeli-
hood, log pyg(D), because our models only contain simple
discrete latent variables (Ky, K1,...) sampled from cate-
gorical distributions that Pyro can marginalize out during
inference.

We optimize the ELBO using the Adam optimizer [9] with
a learning rate of 3e—4 and mini-batching.

3.2. Data

The performance of each of our models are assessed on the
four tabular datasets power, gas, hepmass and miniboone pre-
sented by Grathwohl et. al in [4]. These datasets have re-
spectively 6, 8, 21 and 43 variables and 2 049 280, 1052 065,
525123, and 36 488 observations. We used the same data pre-
processing and the same training, validation, and test splits as
Grathwohl et. al (2019). For visualisation purposes of the
model’s densities, three synthetic two-dimensional datasets
8gaussians, checkerboard, and 2spirals are considered with
1750 observations in all data splits.

3.3. Initialisation

The mean vectors for the CP and GMM models are initialised
to the cluster centers resulting from a K-means clustering of
the training data. Moreover, the variances in the CP models
are initialised to the sample variance of the variables. The
covariance matrices in the GMM models are initialised to the
sample covariance matrices of the K -means clusters.
Initialisation of the TT and TR models is not straightfor-
ward as we cannot do a simple K-means clustering. Instead
we randomly initialise the parameters of the model to sensi-
ble values and determine the log likelihood of the data with
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Fig. 1. Training and test performance. The models are evaluated at various numbers of free parameters at a sample size of

1750 for three datasets with increasing number of dimensions.

power  gas hepmass miniboone 8gaussians checkerboard 2spirals
FFIORD  -046  -8.59 14.92 10.43
CP -042  -10.30 22.76 29.23 1.47 2.02 1.85
GMM -043  -13.23 20.78 17.84 1.47 2.04 1.79
TT -047 523 23.07 35.29 1.47 1.93 1.94
TR -0.53 -5.33 23.06 3527 1.48 2.01 1.85

Table 1. Test negative log likelihood per sample for the se-
lected models. Results are averages over 3 runs.

this set of parameters. We then repeat this random initialisa-
tion 500 times and re-initialise to the set of parameters that
resulted in the largest log likelihood.

For all models we let Ko = K; = Ko = ... for more
simple model selection. Furthermore, each model setting is
trained and evaluated three times to get more representative
results and combat the issue of local minima.

3.4. Ordering of variables

Due to the sequential structure of the TT and TR a natural
question arises regarding whether there exists an optimal or-
dering of variables. By considering partial correlation, and
reordering the variables with respect to a heuristic that seeks
to maximize the total partial correlation, consistently better
results were obtained. Thus, we chose to consider this order-
ing of variables in all but the experiment in Section We
use Algorithm 1|that runs in O(}M?) in order to optimize the
structure of the TT and TR.

4. RESULTS

4.1. Comparison on full datasets

As described in Section density estimation on the full
datasets is performed with the TT and TR models and com-
pared to FFJORD, the standard GMM, and CP models. All of
the models (TT, TR, CP, and GMM) have been trained with
varying complexity and their optimal complexity determined
by their performance on the validation datasets. The valida-
tion performance for the different models and varying com-
plexity can be found in Figure [A.T]in the appendix.

The test performance of the selected models are shown
in Table [I] For the synthetic dataset 8gaussians all models
perform nearly identically, while the TT model does consid-
erably better for the checkerboard data. The GMM model
is more able to characterise the somewhat complicated 2spi-
rals dataset, that is especially poorly characterised by the TT
model. The densities obtained by the different models on the
synthetic data are visualized in Figure[A.2]

Both the TT and TR outperform FFJORD, the GMM, and
CP models on the power dataset, albeit for the TT model only
by a small margin. On the remaining tabular datasets the TT
and TR models perform similarly without outperforming the
other models.

4.2. Overfitting

In order to explore the merits and limitations of the various
models, the performance with respect to overfitting is inves-
tigated. In an effort to purposefully overfit, subsamples of
size 1750 have been collected from the power, hepmass, and
miniboone training datasets. The four models are trained un-
til convergence is achieved on the training set or until 10 000
epochs have elapsed. To allow for a fairer comparison, the
K parameters for each model have been chosen to correspond
to a similar number of free parameters. The mean train and
test errors and their standard deviations can be seen in Figure
On the six-dimensional power dataset, the simpler CP and
GMM models overfit to a greater extend than the TT and TR
models. All four models appear to reach similar minima at
around 120-150 free parameters. For the hepmass dataset, the
GMM quickly overfits while reaching a minimum that is sig-
nificantly larger than the minima of the TT- and TR-densities.
Additionally, the CP-density fails to reach a comparable mini-
mum and quickly overfits. For the miniboone dataset we quite
strikingly see the GMM performing significantly better than
the remaining models at a fraction of the number of free pa-
rameters. The performances of the TT- and TR-densities are
pairwise similar for all runs and moreover reach lower stan-
dard deviations when comparing to both the CP-density and
the GMM.



4.3. Model comparison for smaller sample sizes

To investigate the performance of the different models at
varying complexities when less data is available, we subsam-
ple the training data of the power, hepmass and miniboone
datasets. We choose 1750, 7000 and 28 000 samples for train-
ing, effectively yielding nine datasets. We use early stopping
in order to obtain the best performing models. The results
from the datasets with just 1750 and 7000 samples are shown
in Figure 2] The 28 000 subsample results did not differ sig-
nificantly from the 7000 subsample results and are for this
reason omitted.

We observe that the TT and TR models perform very sim-
ilarly and that their behaviour is consistent when increasing
model complexity and subsample size. In contrast, the GMM
is very inconsistent and is volatile to varying complexity and
subsample size. The TT and TR perform best on the power,
and hepmass dataset while the GMM performs the best on the
miniboone dataset.
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Fig. 2. Test performance. Comparison at various levels of
model complexities.

4.4. Ordering of variables revisited

Due to the improved results when reordering variables with
respect to partial correlation we subsequently investigate
whether a more optimal ordering of variables in the TT and
TR can be achieved. This is done by maximizing the corre-
lation instead of the partial correlation between neighbouring
variables. In Figure 3] we see that maximizing correlation

slightly outperforms maximizing partial correlation. Sim-
ilar results were obtained by smaller experiments on other
datasets with various model complexities.
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Fig. 3. Performance of TT and TR by ordering variables.
The experiments were trained on the power dataset with 1750
subsamples and k=12.

5. DISCUSSION

From the results in Table[T]it is apparent that the TT and TR
models do not form a new state-of-the-art for density estima-
tors, though they do offer improvements on the power dataset.
It is noteworthy that the performance of the TT and TR mod-
els on the full data were obtained without ordering the vari-
ables, and could likely be improved by considering an order-
ing, as Figure [3]indicates.

In general the TT model and TR model perform very sim-
ilarly, but seem to differ more as the dimensionality of the
data decreases.

We have consistently used the number of free parameters
as our point of reference for comparison, but we must em-
phasise that the value of a free parameter differs between the
various models. For the CP density two free parameters can
correspond to the location and variance of a univariate Gaus-
sian. Yet for the GMM, two free parameters could correspond
to a location and a single covariance between two variables.
For a high dimensional dataset, this discrepancy increases, as
two covariances might offer less expressivity than an entire
univariate Gaussian. For example in Figure [I] for the power
dataset where the CP overfits, the number of parameters is so
large that it approaches the possibility of placing univariate
Gaussians at all dimensions of all data points.

Considering the results in Figure [[|and 2] we observe that
the TT and TR are resilient towards local minima. Addition-
ally they provide a high level of regularization, which mini-
mizes overfitting. Despite increasing the number of free pa-
rameters available, the structure of the TT and TR seems to
inherit the desirable property of generalizability. Thus, the TT
and TR models seem to be especially useful when less data is
available as seen in Figure 2]

The code can be found in the following GitHub reposi-
tory: https://github.com/jonasvj/TEDEL


https://github.com/jonasvj/TFDE
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7. APPENDIX

Algorithm 1 Maximizing partial correlation
Input: data, M
PartMat = abs(PartCorrMatrix(data)) - Identity(M)
BestChain, BestSumPartCorr =[], 0
for d, in PartMat do
ThisChain, ThisSumPartCorr = [dp], 0
for i in range(M-1)) do
LastVar = ThisChain[-1]
NextVar = argmax(PartMat[LastVar, :])
ThisChain.append(NextVar)
ThisSumPartCorre + = PartMat[LastVar, NextVar]
PartMat[LastVar, :] =0
end for
if ThisSumPartCorr > BestSumPartCorr then
BestSumPartCorr = ThisSumPartCorr
BestChain = ThisChain
end if
end for
Output: BestChain
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Fig. A.1. Defining optimal model. The validation perfor-
mance for each model for varying model complexity on each
of the datasets. The optimal model complexity for each model
is determined by the validation performance. The optimal
models are used for generating the results of Table[T]
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Fig. A.2. Modelling of synthetic data. The selected models
qualitative performance on the 2D synthetic point data.
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